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I. INTRODUCTION
The success of the spin-density-functional theory (SDFT) 1 within the local-spin-density approximation (LSDA) to predict accurate results for the electronic structure of twodimensional quantum dot systems depends on the exchange-correlation functionals used.
Until recently, functionals based on the diffusion quantum Monte Carlo (DMC) calculations by Tanatar and Ceperley 2 have been widely employed. The simulations were performed for the spin-compensated and spin-polarized two-dimensional electron gas (2DEG). Recently, Attaccalite et al. 3, 4 made fixed-node DMC calculations with improved accuracy for the 2DEG including several partial spin-polarizations. They provided interpolation formulas which fulfil several exact results at the low and high electron density limits.
In the current-spin-density-functional theory (CSDFT), used to describe electron systems in magnetic fields, the exchange-correlation energy depends also on the paramagnetic current density 5 . In the local approximation the current-dependence is converted to the dependence on the vorticity or on the Landau-level filling factor. The low filling factor (strong magnetic field) limit for the totally spin-polarized electron gas, is well known from the works by Levesque, Weis and MacDonald 6 , Fano and Ortolani 7 , and Price and Das Sarma 8 . The problem is how to interpolate the exchange-correlation energy between this limit and the high filling factor (zero-magnetic field) limit for a given spin-polarization. Several interpolation schemes have been suggested [9] [10] [11] .
The purpose of the present work is to study the reliabilities of the two zero-field exchangecorrelation functionals and various exchange-correlation interpolation schemes with respect to the filling factor in the CSDFT calculations. We use a parabolically-confined quantum dot as the test system and compare our SDFT and CSDFT total energies with those obtained in variational quantum Monte Carlo (VMC) calculations 12, 13 . In the zero-field case the parabolic confinement is lowered towards the limit of Wigner-crystallization and the difference between the total energies of the spin-polarized and spin-compensated solutions are monitored. For a finite confinement we calculate the ground state energy as a function of the external magnetic field. Besides the CSDFT schemes, calculations are performed also with the SDFT, i.e ignoring the current-dependence of the exchange-correlation energy.
Thus, our calculations enlighten how important improvement the CSDFT is in comparison with the SDFT. For the quantitative comparisons we need numerically accurate results. We perform the SDFT and CSDFT calculations on two-dimensional point grids imposing no symmetry restrictions 13, 14 . The convergence with respect to the grid size and other numerical approximations is carefully tested. The VMC results are converged beyond the statistical noise.
The outline of the present paper is as follows. In Sec. II we shortly describe the exchangecorrelation functionals in zero magnetic field and give our results for a six-electron quantum dot as a function of the confinement. In Sec. III we discuss the interpolation as a function of the Landau level filling factor and show our results for the magnetic field dependence on the ground-state total energy. Sec. IV contains the conclusions. Effective atomic units are used in the formulas throughout the paper and for presenting the results they are converted by using the material parameters of GaAs, i.e. the dielectric constant ǫ = 12.4, the effective mass m * = 0.067 and the gyromagnetic constant g * = −0.44. We choose the coordinate system so that x and y are in the plane of the dot and the z-axis is perpendicular to the plane. 
II. ZERO-FIELD AND THE LOW-DENSITY LIMIT
Here r s = 1/ √ πn is the density parameter, calculated from the two-dimensional electron density n, and ζ = (n ↑ − n ↓ )/n is the spin polarization determined by the spin-up and spin-down electron densities n ↑ and n ↓ , respectively. e x (r s , ζ) is the exchange energy, which can be written as
In Eq. (1), e
x contains the terms of the Taylor expansion of e x with respect to ζ at ζ = 0 which are beyond the fourth order in ζ, α's are density dependent functions of the generalized Perdew-Wang form 15 , and β = 1.3386.
The above form (1) is based on DMC calculations for partial polarizations (0 < ζ < 1). Our test system is a six-electron quantum dot confined by a parabolic external potential
wherehω 0 is the confinement strength. First we use a zero magnetic field and compare the results obtained with the two LSDA functionals to the VMC results. We study the weak-confinement limit at which the electron density in the dot is low and therefore the contribution of the exchange-correlation energy to the total energy is relatively large. Thus, the high-correlation effects in this particular system, i.e. the Wigner crystallization, spin density wave (SDW) formation, and spin-polarization, are assumed to be sensitive to the LSDA functional used. 
III. EXTERNAL MAGNETIC FIELD
Next we add an external magnetic field perpendicular to the dot (i.e. parallel to the z-axis) and fix the confinement strength to 5 meV. SDFT calculations are done with a minimal substitution of the external vector potential in the Schrödinger equation, and by using the zero-field exchange-correlation functionals for the 2DEG. In the CSDFT 5 the exchange-correlation functionals depend on the electron currents in the system, and they are functionals of the spin densities and the vorticity,
Above, n is the electron density and j p is the paramagnetic current density. Equally, we can use the Landau level filling factor given by
The data for the 2DEG in magnetic field is scarce. following formula for the interpolation to the zero-field limit,
where f (ν) = 
where e LWM xc is the interpolation formula for the infinite magnetic field limit 6 ,
As before, we insert the AMGB functional for e 
and it is shown in Fig. 2(b) . In the same figure we have also plotted e PADE xc of Ferconi and Vignale. One should note that at ν < 1 it approaches the zero-field limit much more slowly than the data by Fano and Ortolani in Fig. 2(a) . The e PADE xc shows a maximum above the zero-field values, for which there is, however, no physical reason.
The exchange-correlation potential V xc is obtained in the local approximation by calcu-lating the functional derivative
In the CSDFT, the vector potential depends on the derivative with respect to the vorticity.
The x and y components of the exchange-correlation vector potential A xc are
It should be noted that the contribution of the exchange-correlation energy to the total energy arises via the value of e xc at the given density and vorticity and via its derivatives with respect to both density and vorticity. Therefore the total energies are sensitive to even slight variations in the exchange-correlation functionals.
The vorticity is a functional of the ratio between the paramagnetic current density and the electron density (Eq. (4)). Its values increase rapidly towards low density areas causing numerical instabilities. To circumvent them we have used the convoluted form of Koskinen et al. 11 in the calculation of the partial derivatives ∂e xc /∂γ in Eqs. (11) and (12),
Above, the width ∆ of the Gaussian function should be carefully adjusted to the vorticity of the system at the given magnetic field strength. Too small values for ∆ may result in convergence problems. On the other hand using too large a value for ∆ may cause inaccuracy in the results. In our calculations ∆ ranges from 0.025 to 0.05. i.e., around B = 4.5T where S z = 2, and in the MDD region. This conclusion matches again well with the analysis by Gori-Giorgi et al. 4 .
In the CSDFT, the ground state energy depends clearly on the chosen exchangecorrelation functional. As shown in Fig. 3 We conclude that despite the good fit to the Monte Carlo data for polarized 2DEG, the derivatives of e xc seem to be poorly approximated by Eq. (9) as well as the spin compensated ζ = 0 values for e xc .
In the MDD region of the VMC results the S z = 2 state constitutes the ground state in the CSDFT calculations for the exchange-correlations energies given in Eqs. (7) and (9) . The corresponding energies are given in Fig. 3 as x-marks and dots, respectively.
However, we believe that the S z = 2 groundstate is an artifact due to the interpolation of the exchange-correlation energy between the high-field totally-polarized and the zerofield partially-polarized electron gas values. Due to lack of simulation data the polarization dependence enters the exchange-correlation functionals only through the zero-field limits in Eqs. (6), (7), and (9). The high-field S z = 2 CSDFT ground states have the same value for the total angular momentum, L z = 15, as for the S z = 3 MDD-state, but the electron at the innermost orbital has a flipped spin. Therefore, Hund's rule should favor the totally polarized S z = 3 state. Further, we see that also around B = 4.5T, where both the CSDFT and VMC give the S z = 2 state, the CSDFT clearly underestimates the total energy.
IV. CONCLUSIONS
We have studied the electronic structure of a parabolically-confined six-electron quantum dot using the spin-density-functional and the current-spin-density-functional theories.
In particular the effects of weak confinement and strong external magnetic field were considered. Our main aim was to investigate, how reliably the different local approximations for the electron exchange and correlation follow variational quantum Monte Carlo results, which we consider as benchmarks. We have especially investigated the various interpolation schemes between the spin-compensated and totally polarized electron gas and the vorticity dependence of the exchange-correlation functionals.
We find that the new LSDA functional by Attaccalite et al. gives in the zero magnetic field much better results for the total energy than the old form by Tanatar and Ceperley.
According to our results, the same is also true in an external magnetic field for a sixelectron quantum dot with a typical confinement ofhω 0 = 5 meV. For this system the effect of currents on the exchange-correlation energy becomes important in magnetic fields larger than 2 -3 T. In our calculations for these high magnetic fields the local Landau level filling factor ν is of the order of 0.9. The simulation data for the homogeneous electron gas in this regime is scarce, which hampers establishing of interpolation forms between the low and high It should be noted that the (7, 1) state is missing in CSDFT.
